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Lake Mixing Dynamics and
Water Quality Models
HEINZ G. STEFAN

ABSTRACT-To forecast water quality changes or to evaluate the potential success of restoration measures in
lakes, it is necessary to formulate "models" which relate lake water quality to the inflows and outflows of
materials and energy. Concepts of dynamic deterministic (cause-effect) models and examples are presented.
The relationship between internal thermo-hydraulic processes and water quality is stressed. Stratification
mixing, and nutrient kinetics are included in these models.
'

Introduction
Lakes around the world, including some in Minnesota, are
or will be showing changes in water quality. Possible causes
under consideration are "cultural eutrophication " acid rain
and climate change. To forecast water quality ch~ges or t~
evaluate the potential success of restoration measures, it is
necess~ to formulate "models" that relate lake water quality
to the inflows and outflows of materials and energy. In
deterministic models, this is done through cause-effect
relationships based on principles of physics, chemistry, and
biology. In empirical models, the relationship is established
by correlations based solely on available data from the past.
Lake water quality is related to dissolved and suspended
materials in the inflow, in-lake mixing dynamics, lake water
chemistry, in-lake biological species and processes, and
outflow rates. This paper emphasizes the fact that lakes are
dynamic systems, i.e. their water quality characteristics are
chan?ing with time in response to wind mixing, heating,
cooling, and runoff. This is especially true in Minnesota
where weather changes are frequent and strong, and lakes are
often of moderate depths. Lakes cannot be understood and
managed well if they are only considered as static systems.
This. paper provides: (a) an introduction to concepts of
dynamic lake water quality modeling; (b) illustrations of
dynamic (time-variable) mixing and stratification dynamics
of Minnesota lakes; (c) water quality model formulations
applicable to Minnesota lakes and ( d) examples of Minnesota
lake restoration simulations using 1-D dynamic models.

Concepts of Model Formulations
Thermo-Hydrodynamics in Lakes, Reservoirs, and Ponds
The features and characteristics of lake, reservoir, or pond
water quality models are directly related to the peculiar
thermo-hydrodynamics in such water bodies, which make
them substantially different from streams and rivers. In rivers
and streams, gravity is the main driving force and bed friction
~s the mai1:1 _resisting force, resulting in usually very perceptible velocities and a strong tendency for turbulent mixing.

Heinz Stefan is the associate director of the St. Anthony Falls
f--!Ydraulic Laboratory and professor in the Civil & Mineral Engineering Department at the University of Minnesota.

86

Lakes, ponds, and reservoirs, however, are often characterized
by water movements that are very slow. The driving forces are
from wind shear, solar radiation, heat losses, and inflows and
outflows. Very small density differences caused by temperature gradients from surface heating/cooling and/ or gradients
in dissolved or suspended substances (salinity gradients,
turbidity) often control the thermo-hydrodynamics of lake
waters. Phenomena that are usually absent or can be ignored
in river and stream flow analysis are dominant in "standing"
waters. These include stable temperature stratification that
hinders vertical turbulent mixing, natural convection caused
by unstable density stratification, wind-driven circulation and
vertical mixing, density and turbidity currents, and selective
withdrawal from density stratified water.
Hydrodynamics is the basis for many significant differences
in ecosystems of lakes/reservoirs and rivers/streams. Lakes
that have the longest water residence times ( defined here as
total volume of lake divided by total outflow) often develop
seasonal successions of organisms and chemical processes
not possible in the swift motion found in rivers and streams.
Reservoirs can differ from lakes because of the dominant
effects of water level fluctuations and inflow. River impoundments created to make waterways navigable may have fairly
constant water levels but highly variable residence time,
making them "typical" lakes at low flows and "typical" rivers
at high flows.
Interactions with the bed also are very different in flowing
and standing waters. Slow deposition of fine and organic
material on lake/reservoir beds can have a significant effect
on water quality. Equally important can be the release of
materials (re-mineralized substances) from the bed due to
chemical processes or bacterial decomposition. Bioturbation
by invertebrates and fishes, or wind-driven resuspension can
contribute greatly to water quality deterioration. In rivers the
contributions of such processes to water quality are often
negligible compared with advective transport.
Water quality models of lakes, reservoirs, ponds, and
impoundments can be formulated as zero-, one-, two- or
three-dimensional (0-D, 1-D, 2-D, or 3-D) in space (Figure 1).
A 0-D model averages concentration over the entire water
body without allowing variation in space; it uses only one
control volume for the entire lake or pond. A 1-D model for
standing water usually includes the vertical dimension to
account for stratification. The 2-D models for standing waters
are either longitudinal-vertical for density stratified waters or
Journal of the Minnesota Academy of Science
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depth integrated in nonstratified shallow waters of large
horizontal dimensions. In longitudinal-vertical coordinate
systems, concentrations are given as C(x,z) where x can be
a longitudinal coordinate of a reservoir and z a depth
coordinate. Variations across the width are assumed averaged
with y. Such a model requires the use of control volumes
stacked with depth and length.
Selection of the lowest possible dimensionality (i.e., the
smallest number of control volumes (C.V.)), is the most
advantageous since a conservation equation must be written
for each C.V. and each water quality constituent. Selection of
the dimensionality of a lake, reservoir, pond, or impoundment water quality model may be thought to depend mostly
on the size of the water body, but it actually is a function of
the purpose of the model. The North American Great lakes,
for example, have been modeled successfully as completely
mixed 0-D continuous flow reactors to develop phosphorus
management strategies for eutrophication control (1).
If water quality variations are to be predicted throughout
a season on a monthly, weekly, or even daily scale, internal
hydrodynamics of a lake or reservoir cannot be ignored.
Temperature stratification occurs in most "standing waters"
in temperate regions, and the associated density stabilities
create vertical gradients in water quality during the summer
and winter seasons. One-dimensional water quality models
that describe water temperature and concentrations C(z,t) as
a function of depth and time are therefore needed. In such
models the lake or reservoir is described by a system of
horizontal layers, each of which is well mixed. Vertical
transport of heat or material compounds between layers is

Volume 55, Number 1, 1989

L
az

(K A aT) +
z

az

!L
pc

(1)

=

water temperature as a function of depth z
and time, t,
A(z) = horizontal area of the lake as a function of
depth,
H(z,t) = internal distribution of heat sources due to
radiation absorption inside the water
column.

At the water surface, heat fluxes due to solar radiation,
atmospheric radiation, back radiation, evaporation, and
convection are applied. The expressions used for these fluxes
are beyond the scope of this paper (see 2, 3). The internal
heat source H(z,t) is generated by solar radiation that
penetrates into the water. In reservoirs that have inflows and
outflows, equation 1 must be expanded to include those
influences. Uncertainty in the K2 values is often large.
Attempts to relate K2 not only to stability, which hinders the
development of vertical turbulence, but also to the forcing
elements, particularly wind, and inflows have only been
partially successful ( 4). When thermal instability sets in,
natural convection usually produces complete mixing over
the range of instability plus a region of penetrative mixing.
This high rate of mixing is usually handled well by very high
values of Kz(z).
The transport and transformation of dissolved substances
in a 1-D vertically stratified water quality model is described
by an equation similar to equation 1.

The sink/source term "S" includes chemical and biological
transformations and can take many different forms. One of the
simplest is a single first order reaction, S = K1CV, where K1 is
the rate coefficient for a specific transformation. For suspended materials a settling term, - [a(V5CA)/az] xLlz, must
be added to the right-hand side of the equation, where V5 =
settling velocity of the particles and C = concentration.

Plant Growth and Nutrient Kinetics
Besides temperature stratification, phytoplankton kinetics
assumes a central role in lake water quality models. Phytoplankton kinetics is related to the nitrogen and phosphorus
cycles, the dissolved oxygen balance, and food chain
response. The external inputs of nutrients can be through
surface runoff (point and nonpoint sources), wastewater or
atmospheric inputs ( e.g. dry deposition and wet deposition
by rain and snow, litter fall from trees). It has been indicated
by a reviewer of this paper that litter fall can contribute more
than 25 percent to the annual phosphorus input budget of
seepage lakes. A significant and sometimes dominant
phosphorus source are the lake sediments, as will be
discussed later.
The reaction term for phytoplankton is expressed as the
difference between the growth rate and the death and settling
rates in a volume element. The growth rate of phytoplankton
is a complicated function of the species present and differing
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reactions to solar radiation, temperature, and the balance
between nutrient availability and phytoplankton requirements. Available information does not allow specification of
growth kinetics for individual species in a natural environment. Hence, models either simulate the phytoplankton
community as a whole or as classes such as greens, diatoms,
blue-greens, and dinoflagellates.
The photosynthetic production rate is usually formulated
as the product of the maximum 20°C growth rate (under
optimum light and nutrient conditions) with a temperature
adjustment factor, a light adjustment factor, and a nutrient
limitation factor.
(3)

K=KmaxXTXLXN

The temperature adjustment factor is usually given as
= OT-200

X

(4)

T

where 0 is a species-specific coefficient. Light attenuation
functions X follow either the analysis by Steele (5) or by
Megard et a[ ( 6), accounting for the effects of supersaturating
light intensities and light attenuation through the water
column.
The nutrient limitation factor is based on the assumption
that phytoplankton kinetics follow Monod kinetics with
respect to the important nutrients. Generally, the minimum
function for inorganic nitrogen and phosphorus is used:
= min

X
N

{

C IN
+ cIN

KMN

;

C IP
}
+ cIP

KMP

(5)

where CIN = inorganic nitrogen (µg/L), CIP = inorganic
phosphorus (µg/L), KMN = Michaelis half-saturation constant
for nitrogen (µg/L), KMP = Michaelis half-saturation constant
for phosphorus (µg/L).
Phytoplankton "death" rates are conventionally expressed
as the sum of the endogenous respiration rate, the death rate,
and the grazing rate. The first two are generally modeled as
first order temperature-corrected rates. Grazing may be
expressed as first order, or second order if the herbivorous
zooplankton population is specified or simulated. To capture
the phytoplankton population dynamics properly, zooplankton may have to be simulated. If average phytoplankton levels
are adequate, the first order approach is acceptable.
Phytoplankton kinetics affect the nitrogen, phosphorus,
and carbon cycles primarily through uptake and secondarily
through death. Proper specification of average stoichiometry
is necessary to model these interactions accurately. The ratios
of phytoplankton carbon to phytoplankton nitrogen, phosphorus, and chlorophyll a vary among species and in time.
Few applied modeling frameworks account for the dynamics
of stoichiometry. The user is forced to specify average values
or those characteristic of stressed systems.
Organic phosphorus in the water is present in various
particulate and dissolved forms that mineralize and settle at
different rates. Some models lump all organic phosphorus
into two-, three-, or four-state variables that differ in settling
and mineralization rates. Mineralization or bacterial decomposition is generally modeled as a first order temperaturecorrected reaction.
Dissolved inorganic phosphorus adsorbs to suspended
particulate matter in the water column, coming to an
equilibrium expressed either with a partition coefficient or as
a calibrated fraction.
88

Subsequent settling of the solids and sorbed phosphorus
can provide a significant loss mechanism of phosphorus from
the water column to the benthos. Process-based functions
that accurately calculate the phosphorus partition coefficient
would improve prediction of this important variable
significantly.
Dissolved inorganic phosphorus is taken up by phytoplankton at the stoichiometrically modified growth rate.
While there is evidence for "luxury storage" of inorganic
phosphorus in phytoplankton, most models assume only one
internal pool of phosphorus as biomass. Grazing transfers
phytoplankton phosphorus up the food chain. Upon respiration and death, biomass phosphorus is recycled to the various
forms of organic and inorganic phosphorus at user-specified
ratios.
Organic nitrogen in the water is present in various
particulate and dissolved forms that mineralize and settle at
different rates. As for organic phosphorus, some models lump
all organic nitrogen into a single state variable, while others
divide organic nitrogen into two-, three-, or four-state
variables. Mineralization to ammonium can be represented as
first order, or include second order or saturating dependence
on phytoplankton biomass.
Ammonium nitrogen in the presence of nitrifying bacteria
and oxygen is converted to nitrite, then nitrate. The process
of nitrification in natural water is complex, depending upon
temperature, dissolved oxygen, pH, total inorganic carbon,
alkalinity, Nitrosomonas and Nitrobacter bacteria, and flow
conditions. Most models represent the reaction with a first
order, temperature-corrected rate constant. Some allow
spatial variations calibrated by the user, or empirical DO
limitation terms. Obviously, a process-based predictive
function for this rate would be quite valuable.
Denitrification is the reduction of nitrate to N2 and
ammonium. Primarily a benthic reaction, it is included in
some models as a loss rate of nitrate. It is modeled as a first
order reaction, sometimes multiplied by a modified
Michaelis-Menten term to suppress the reaction in the
presence of a small amount of oxygen.
Both ammonium and nitrate are taken up by phytoplankton at the stoichiometrically modified growth rate. Some
models include a preference function that calculates mostly
ammonium uptake when its concentration is high enough.
Grazing transfers phytoplankton nitrogen up the food chain.
Upon respiration and death, biomass nitrogen is recycled to
the various forms of organic nitrogen and ammonia at userspecified ratios.

Mixing and Stratification Dynamics of Minnesota
Lakes
Many Minnesota lakes are temperature-(density) stratified
most of the time. Many shallow lakes are polymictic, meaning
that they alternately stratify and mix several times every
summer. The summer stratification is seasonal or intermittent. Depth, wind fetch, and heating and cooling rates
determine the stratification behavior. There are, however, a
few lakes with exceptional behavior.
For illustration, the summer temperature structures of two
urban lakes are given in Figure 2 (7). Both lakes are in the
Minneapolis/St. Paul metropolitan area and therefore
subjected to approximately the same weather. The two lakes
differ in maximum depth (27.4 m and 9.1 m) and mean depth
(10.0 m and 3.6 m). Their surface areas are about the same
(1.71 and 1.81 km2 , respectively). The deep lake is dimictic,
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the shallow lake is polymictic. The isotherms were constructed from approximately weekly measurements at two or
three locations in each lake.
A much more vivid and dynamic picture of a lake's actual
temperature regime is obtained by constructing isotherms
from daily measurements. Even in ice-covered lakes, there are
internal waves, convective motions, and density currents in
the water below the ice cover, as reflected in temperature
traces recorded automatically with a thermistor chain.

Model Formulation for Minnesota Lakes,
Reservoirs, and Ponds
A realistic deterministic simulation model for a Minnesota
lake is one-dimensional in depth and allows for changes over
timesteps of one day to one week (2, 3). Temperature
stratification and mixing dynamics in Minnesota lakes can be
modelled reasonably well throughout a summer period.
Model input consists of lake morphometry and daily weather
parameters (solar radiation, wind speed and direction, air
temperature, and dewpoint temperature). The model was
expanded to include suspended sediment (8), light attenuation (9), phytoplankton growth and nutrient dynamics (10).
The latest version of these simulation models is the MINIAKE
model.
The model is a dynamic, one-dimensional model simulating daily changes in the depth profiles of temperature,
chlorophyll a, biologically available phosphorus, cellular
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Figure 3. Flow chart of major model sections and submodels in the
MINIAKE program (10).

phosphorus, detritus and detrital phosphorus, dissolved
oxygen, and suspended and dissolved solids, with optional
simulation of nitrate, nitrite, and ammonium. Chlorophyll a
can be simulated using up to three algal groups. One vertical
migrating zooplankton population is also incorporated to
simulate grazing effects. Zooplankton is the highest trophic
level explicitly simulated in the model. It was decided that
simulating higher trophic levels would significantly increase
complexity and decrease reliability because of the lack of
information on fish population dynamics in most lakes.
The lake is analyzed by subdividing the depth into a
maximum of 40 layers with layer thickness as set by the user.
Each layer is assumed to be homogeneous in the horizontal.
Consequently, the model cannot simulate spatial variability
across the surface of a lake. For small lakes and reservoirs,
spatial homogeneity is usually not investigated in monitoring
programs. Therefore, the use of highly complex multidimensional models is not justified by either economy or
reliability.
The model is structured around four major subsections
(Figure 3). First is model input, which determines how and
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what will be simulated in the current simulation. Second is
the hydrodynamic or physical processes section. Central to
this section are heat budget and wind mixing and the
resulting density stratification of the water body and the
simulation of inflow as either an epilimnion inflow or
plunging density current. Third is the biological-chemical
processes section that simulates the concentrations of
dissolved and suspended substances in the lake. Finally, the
model output routes the results to tabular and graphical
output files. Outflow volumes and concentrations may be
routed to an outflow data file in a format that allows the
outflow to be used as the inflow in the simulation of a
downstream lake. A schematic representation of the major
processes simulated in the model is presented in Figure 4. A
description of the main features of the individual model
components was given by Riley and Stefan (10).
The program runs in a continuous mode with the operator
interacting with the model results and selecting changes in
the calibration coefficients. It was decided to use a subjective
calibration by the operator rather than an objective calibration
by the program. Since many calibration coefficients exist in
a system of nonlinear equations, a direct objective calibration
would require a search over the acceptable range of all
calibration coefficients. This would require considerable
computation time and cost even on a mainframe computer.
Instead, the current subjective calibration allows the operator
to change parameters based on the results of the simulation
and a knowledge of the interrelationships among model
variables. More importantly, the operator is able to investigate
the sensitivity of the model to various coefficients and the
relative importance of different processes in the course of
calibrating the model.
The current state of model development is to shift the
model from a research tool to a field tool by increasing the
ease of use of the model and developing user interfaces for
input data and parameter estimations. Currently, calibration
uses three estimators for goodness of fit of model results to
field data: (1) a regression of field data to model results
constrained through the origin; (2) the standard error of the
estimate and (3) a log-normal estimator of scatter about the
regression line. Current model development includes
sensitivity analysis and development of lake treatment
submodels for aerators and other lake mixing techniques.

I
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WATER
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NUTRIENTS

I

~

I

ENTRAINMENT

The ability to display graphical results as part of the
simulation in a continuous mode made the microcomputer
program particularly attractive. A four-month simulation on
an IBM-AT using the most complex chlorophyll a model
requires about three minutes without any interaction with the
operator. The model is not a simple black box model, but
requires that the user be well-versed in the methods and
materials described in the initial project report and user's
manual.
MINIAKE is intended for use as a diagnostic tool to evaluate
the processes occurring in a lake based on field data and to
assist in developing a lake restoration strategy. Sample
outputs are given in Figures 5, 6, and 7.

Examples of Lake Restoration Simulations Using
1-D Dynamic Models
A dynamic, one-dimensional water quality model can be
used to simulate the effect of various lake restoration
techniques such as listed in Table 1. Three examples will be
briefly described.
Aeration of Lake Calhoun
It has been argued that bubble column aeration of a lake
can prevent anoxia of the hypolimnion and therefore reduce
phosphorus recycling from the sediments significantly. It also
has been argued and observed that aeration changes pH to
lower values at which the more desirable green algae develop
rather than the blue-green algae, which are associated with
higher pH.
In 1972 an air bubble system was installed in lake Calhoun,
Minneapolis (1.7 km2 surface area, 27 m maximum depth, 10
m mean depth in an urban watershed). It was not successful
and caused an unusually large algal bloom ( chlorophyll a up
to 50 µg/L). A simulation with a 1-D model conducted several
years later ( 11) demonstrated that the aeration system was too
weak to destratify the lake; instead, the air bubble plume
entrained nutrient-rich water from the hypolimnion to the
epilimnion where it stimulated additional growth. The model
showed that a more powerful aerator system that would have
destratified the lake would have kept peak chlorophyll values
to about 25 µg/L (still eutrophic). Increased vertical mixing
in lake Calhoun was shown to have an adverse effect on
surface phytoplankton even with deepening of the surface
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Figure 4. Schematic representation oflake system simulated in the MINIAKE model (10).
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Fertilizer application
Urban watersheds
Wastewater treatment upgrade
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SEP

mixed layer. Phosphorus inflow control appeared to be the
most efficient management strategy (Figure 8).
A recent re-investigation of the I.ake Calhoun aeration
experiment ( 12) showed that the continuous reheating of the
lake surface waters from the atmosphere made the complete
destratification of a lake of this size very difficult. Even if air
is injected at a large rate, restratification near the surface
occurs easily, and this will enhance the occurrence of algal
blooms.
Dredging of the Fairmont Lakes
Deepening of shallow lakes by dredging is a brutal and
expensive form of lake management (13). It can lead to
control of eutrophication symptoms (1) by removing
phosphorus-rich sediments and (2) by providing stable
summer stratification which prevents phosphorus recycling
to the surface. The Fairmont I.akes (three lakes with 1.8 km 2
total surface area and 2 to 5.2 m maximum depth in southern
Minnesota) were dredged hydraulically, and a model
simulating stratification dynamics was used to determine the
desirable dredging depth to produce stable summer stratification. Prior to dredging, the lakes were polymictic; the
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bottom turned anoxic within three to four days after stratification, releasing large amounts of phosphorus that became
available to surface phytoplankton in subsequent mixing.
One-dimensional model simulations for a variety of dredging
depths showed the number of seasonal vertical mixing events
as a function oflake depth (Figure 9), and served as a guide
for selecting dredging depths. Figure 10 shows the simulated
temperature structure after dredging.

Sediment Phosphorus Inactivation, Inflo,w Diversion, and
Dilution of Long Lake
Long Lake is a moderate size (0.73 km2 surface area), fairly
shallow (7 m maximum depth) lake in New Brighton,
Minnesota, with two distinct basins separated by a narrow
channel. The south basin receives inflow from two creeks,
resulting in a net outflow to the north basin. Inflow monitoring indicated that the mass of phosphorus contributed from
Johanna Creek was approximately four times that from Pike
Creek. A study indicated a sediment phosphorus release rate
of 12 mg/m2-day. An attempt was made to restore the lake in
1984 using Ca(NO3 ) 2 to inactivate the phosphorus in the
sediment. The treatment did not significantly reduce the
chlorophyll a abundance in post-treatment years (14).
Explanations are inconclusive because the inflow was not
monitored after treatment.
MINIAKE was used to simulate the conditions on Long
Lake from May through September 1979 and 1980 (Figure
11). The model was calibrated to the field data from 1979 and
verified against the data from 1980. Treatment simulations
centered on three possible alternatives: (1) sediment
phosphorus inactivation; (2) diversion ofJohanna Creek, and
(3) dilution of Johanna Creek inflow with 10 cfs of low
phosphorus groundwater. The first scenario assumed a
decrease in the sediment phosphorus release rate to 3.0
mg/m 2-day.
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Figure 9. Simulated summer stratification periods 0une I-August 31,
1974) of the Fairmont Lakes. Predicted number of days with
overturns ( complete vertical mixing) and periods of stratification of
5 days or longer as function of maximum dredged depths (13).

The results suggest that the inflow diversion and sediment
treatment would have a similar impact on chlorophyll a in the
lake. The simulated temperature profiles and the field data
indicate that the stratification is weak and, therefore, the lake
can be expected to mix to the bottom intermittently. The
inflow dilution simulation shows little gain from this
treatment. The midsummer peak concentrations are reduced
each year, but not significantly. Most of the inflow treatment
effect is found in late summer.
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Conclusion
lake water quality is related to inflow water quality, mixing
dynamics, lake water chemisti.y, in-lake biological species
and processes, and outflow rate. This paper emphasizes that
Minnesota lakes are dynamic systems, and water quality in
summer changes in time in response to weather. Wind
mixing, heating, cooling, and runoff are the main timevariable weather dependent elements. Provided within the
limitations of this paper are: (a) an idea of the concepts of
dynamic lake water quality modeling; (b) illustrations of
mixing behavior of Minnesota lakes; (c) an idea of the water
quality formulations applicable to Minnesota lakes and (d)
examples of Minnesota lake restoration simulations using
1-D dynamic modeling. In conclusion, it is believed that
simulations of lake temperature stratification dynamics and
some key water quality parameters are possible and useful for
the interpretation of Minnesota lake data and the selection of
in-lake restoration techniques.
·
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